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mudt, A‘ w[mj;\ ) STLMJI’CJ in CGJWJ(“’? ‘5 ab ol 5/0106, S,oaa,
Mel Fime wh/Ja (/{Mﬁv’uj chm.m'os re?MJS o ,DM‘/'"W exwks
J{, Eu cleaf/w; s'o&&, E,rm 7%@ ma.z%bmafz’ml ﬁ/MQwof[f for
6)4,07@%//5 the lows thats gonesn the MW’OM 4 oéj'edf's in
the },A\ S/'cgj wol U In Hs setion we 2!1/‘& an intu tine ;'nv‘ro,(u(]ébn

to the medhema sl notion g Spece

L inesr 5}oac 73

Zmagl'n-c "% em,ﬁt/ )‘,@a@_ 7%&;1';\ s Su.Ja{&n)y pofu/m*c.) b/ one. IDJWLW(Q
met*/‘@rnﬂfc«//}/, we h’wc:j Con e, o'g 7%/; slpaa as 7%4 @/lcdilbﬂ J,)

a/“ )ao:'»rﬂ"j, wé,wc 1‘/\4 /W‘*/v(& m"‘f] PoP - WP into ex/}f&no@.. Suﬁfok
thot. the f@f*idz_ s ?‘rm/f‘ns #*f‘ows,z $pace el constait Jyec,,/ Pt
is messured with a stop waddd. The set S ol }001%7‘5 n space
Viside,) b/ +the pM’J@ s The Shivectesd line bedno

w}\u\g /u,baf/‘we nmbm w/ras/)onJ £o '001’043 w's,'JJ L/ #\p_ }pap»/,ya i
#\L fa&t\, '9051'117'1"2. ﬂwméef‘s y/ /’c_o}e /)0/'/77‘5 }Apjt\ wf'//Ac V/'S:"’Lea! n 7%4
S(A/I'm, M 0 i %Ag_ /ogﬂl?'oﬂ o’? 11'/\2 ,09(»/‘711’0(1 " 7%2 /QW‘Z‘ mDMt



()
%, n ‘f/n’s meannel, 7‘/14, pm‘}/o(z. V«'shls all poiw'bs 'n S,o—me_,#m
j/comeﬁy S the spoce s thate A a Numbes lne and each
poinEk ey be un/%z /7 /2@(4/\@] woith a read number Huat
ino!/ca)ﬁe); s Ao(ﬂ(/% SM S}aax,z. /s Comf[ef(//)' cLX(/)’ACo/ é)’ o
paremeter, namely the read number, gad is Heredore said tobe
a one dimensonl space
B owr space hos & point ot on the numbes /;h{, é)/ OAMZM:S b

JI'N(,J)"on pX mo%'on a¥ ‘f/\& ,DW‘J;/(/&, We ¢can MA/kZ 1,7L /7'3‘1/‘0/ ﬁr‘bm )4‘
Unrrent /o(gfr'on +o ‘ILL\a.:L" Nnew )oo/'wf,

s wdes shedl see later in this scuf/"on, a spac in which two non-
poralle) lines Mo be taced reguires o luash too parameters ko
indiade Pe address & a pont. Suh space. is o least o
dimensional, For now, observe that wohopasrs fuwo points are part A e



(3)
spac then so pre Hha points thak lie on the line whick pases #mﬁj

H\.m ‘ileD /901'177‘5_ LJC WMJ(L 74\-(. ﬁ’”“*’% Je/e/n;"1é'bf7:

Def: A linear Space [s o woletion jr/wl’f'%S Swech it whenews
o ,oom%s bure in Hhe a,/udg’on, the set S PoInts on +he e
whi posses ‘/‘lrouf/[ Hhese Hoo /oomﬁ /s adso /QAN‘ X?‘A@ ca/[el;/zbn“

Ve c tors

The S;'m/oéa‘/: motion from ,om'rﬂ£ A Eo /oomf B in a }:’»w«/ Space
s a/{oﬂ{) A /a’m, Vé/nwi: Con/:,ec,'ﬁ}j -ng,e }oo)'n‘}s_ We r‘eomszenﬁ
the o’:'s/o/aan»m‘t Srom Ao b b/ AN Afrow, whose tasl is atts
A andd widh +he Ww/‘@w[ o b

>

B

A
D(/?‘ A vector s & line L&Jm,e/)ﬁ: wz'ﬂv o)l'nccﬂlfo‘n, LJe wn'}J Symbojc"zg
Ve dors by Loldfae loHers such as O oOf by Srawoing ol orow
over He leher B. (Ohen uas o lengh are S}aeu’C/eJ, we M
CLM?D‘}C ‘ILA_Q, [nj:,gﬂ,m 09 [/ 3 2)‘1/‘6/7 Me(};o/‘ b)/ 7"/\2, Sjméa} “”
This RN refess to Hhe Lengh § He diveckeol lne tegment &

A ve or IS & fdwf/onsk,/’o be/wuﬂ Ho0 /001'40'/3 'n liness Y]aace-, W Z’t—)
is a vecfor Srom ‘,oo/ni A 2o loo,‘n—)f b and ks vectsr from /ooa'n‘bl
Ato B, then =3 W He arrowhead f vedor B s conried
from ,6/ to b ax Soon a8 Hee ol o veht Z 1 carried brom A to

A, ~ ™=~~~ |
il



()
S.{-&M J,’We/m-f/i, A0 yea/’bl‘s eure W I/x #\Lj hﬂw‘e #\L Same
meujni*uo(t and direction.

Ex. 1) & Z+5 (Wwhy?)
b

S S

® & IDW*/(/{% frowe I /ﬂl'7lb'a”7 | ,ao/n‘i A to ,ooz‘n?f b W‘/‘Lm
From B to /omi G, the #otal CI"‘,PL%MQ/TL /s the divectedl e |

S’%mt brom /90)40‘6 A to fOI'nt C.
bc

This ma#wﬁfu +he Fo ”owl’ns Je/glh/};'on;
Df: The Suwn o fwo vectors 2 b, depoted F+T, is Fhe vechr

obtained by first Honslading D so tat ib tail hex ot e
hz_e(J J 8 ond Han Jr/wmhj #\L V\CUf'D‘/ widh ta.] aﬁt#-e.
boil & B anol heoo ot the head K Hhe Franslted T

Given fo0 vetors & ond Z; it s not /mmwes’aJe/f/ N thet
BT =L+%. As v be seen by the diagram bhedow, @ pertida

l'nf}'ia ”)’ a]ﬁ /Da/n‘f A ‘Hz&f\ J:'Sf/acu #‘rowj/ f ﬂa//w{aj A)' Z' W"// ”O-t



(5)
in gmu\ax, poss #ﬁrowyk e same set N poin?s ax +hose visited
by J/sf/au*né #’m“’% vetor B Sollovsed) by @ Howewer, the
ni !‘z'aJ MQX f:,nw‘ 'oofn%s a/%#*’- 7L"/‘p are 7%2 Same N bo‘/% CaseR

whether we J:'s/:/acz from peint A #W"'YL the vechr B+ of
througl He vector B2, we amie ot point C. Thts - proves
Hak 2.,:5",__7;.*5' For obvivus mn;;ﬂu .wmmu/fah'v/%y /9
Vector W:";/on ’ SOMM Cﬁju '/M /lQJOW laas *

To maike ofz{‘a?l/ong on yegjb/’s’ l'n'fo an Wéﬁa, f?l s /)—CCA.FW)’ to

M,M Mo zero vetol, The vedtor from /)0//7‘6 Ao :};uig hat no
magnifuole el s desoted O Sine itis imposiible fo amisn a

diredon to a ling. %Mf w'# 70 &ﬂs,v/l., 5’ I savod to he.
A]/‘eal’/’bnl.bﬂ,

—3
D -

For any vecfor 797, Here 15 Some velhor Z SuJ‘#‘Aﬁ A+b =—;
W &5 a gt’s/)/me,mmzf From loo/nf A to /oofnf B and b is
a displawement brom point B to point A, the rude A vectfor

addidon ohi fate Hhat Z-t-l" is & o’:’slolawme,rﬂ& Promm A to A an

Fed s o J’"sz“&mm'é brom & to B, Thi 2 DR =D

>
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Df: Let @ be a veddor, by -& we denovk. e vector that

hos the soame Wﬂc'4'ua(z ox Z, but o,ofosl"k direction.

B b ik enothes vetor, then B-& is the vechor P+ (-8) = (-8)+b.
We can extend the definition of veddor addition to Hhe cate of
Seweral vedters. For example, the Sum R+T+2 ma be :h‘fe/,o/‘ou
as (ﬁ+‘3)+é’ or ax A+(b+C). Tn both cages, Fhe rauﬂ,'ns Veckor /s

'f)\z Seme px  Seen n #u, J"’-J/‘M L(,/,,w:

Sl

5?+(§+Z =

Tkw;, veAor addition s M(ac/af-'we. The swm is 'Hw, VcJof oHa;/u_J
b)’ ‘J'"M"’ﬂj a line seémw‘t prom ‘H\z f;ﬂns‘ﬁ VeJof mn 7%2 Stam to

‘H\L AJ‘!' V‘ed"oﬂ E>f QXMf(Q
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&)M'p/'ﬁ/wﬂS/oﬂ &Al(/l(

wlqaj;\ 'S ‘/’AZ. Stem %
‘H\_e,;e, VCU‘D/‘S?

Anspes

The sem /s 3
wh;nc;n 'be Sa.'/{ a/éawﬁ Vé()’laf mMHl'/DI"ca.‘/':'oﬂ? T/Le /)o‘f:‘o/) df

dot aal cross products A the vechrs BB, BB and ZTxT will be
'C)‘,O/or\ZJ i /ajfe/ k(/—},g,ns. n ‘f/uz. /o/v/Xe,nZ'J Momeﬂlt», et ws mvl‘)un}c
the product ok o scados anel a vecior |

Suppose Mot we with 4o track 7he motion & a partile with the
W ,}L & g%o}p wotch. Suﬁvose ﬁum%u that n pM?‘z’o& 5 Mowhs
witl constant Sfue,ap. VW we /%(7&/) }raok/m} Hhe motion when
the ,oaﬁ‘fa(z w s VI'S/JMS /ooﬁni A, & Second lader +he )oa,ml/dz i5
V!’SH)YA‘S Some other ,ooﬂni 8 and 4o seconls [a}fef, +he. FM?‘}’QL will
be visifint some, fu/#wfpo:hf C. [vﬁhﬁ X= A8 i1 be comes patural
+o iden/’r”)i He vechor AC with RZi’, a5 C s The )oa/n'z’; thats will
be. y/{,’M 197 the ,oam%& Qh’cotz»/s in #he ﬁufm M W\ Ve
EelR is o read number, tB is the vector whose ta;] s ak A and
L)Ao% mew L{?A on 7%2_ /ooi"/?t V/S/flca( éy 7%9, fW‘lll'o(( +
Seconay in Hha FM(w t<o0, e arrowohezd IS ot & ,ﬂo//zi

visited by tha packele in e past) -

-
il
-
—’




(3)
Deb: Muddiplicetion & & vecor & by a scodar (ie. read num ber)

produces a new vedor & 2 obteine) in e ﬁo/lbuﬁ’/tﬁ ey : L7 5 the
veckor & magnituele It IR with the same diretion ax @ W ¢70

DP)”DS"‘JL direchon to @ 2§ £<0, Dk t=0. B & #0, %a"_
"fmmts ry

2 = /T-a-—-(#)& /ta=/%0<t<i

b5 s 4 274, MJ/% p<—4

Ob serve, it for any scadar K Mex Veufo/‘s b +he. l/e,d/m/‘& ka+kb
end k(B+T) ore the Seme = 7

> o w«ﬁt /’% 54 The red ewnd black
K+ kb h"ﬂvﬂjl&g sre simrlas
45 Thus K@ +k& = ik (2+F)
" (Lohy )

C Om,p/eﬁcmlbn (//u:(/( /
ik - =

I)YXE?=\ and b = draw -b

T 9 S s WO~ P T 4l to tail andd draw a vechor
with to)| okt He armwhced A5 and head et He arroohesdd

o 2.




CLU«‘/j Z*E=Z Thus

rudes o vetor pddidion B

E (F’Z)-PC_) = 0+ =2

vefor

R) 1 IZN o veckor or o number (scator)

Soludion: BN is the megn hele (lengl) f the vechor & Thus

20 s & scados

3) Lohidd (X/ the pa/{owi"ns arfe, Vca/a/s? [Jh/dl\ ore flot JJM&J7
@) 2Z+5L ) b-42 ) AL W) O& () 0

a’ sy -y
©) ;& (9) IRIE- IE1Z

Solution: (@), (b),(e), andd (9) are always vedtors (c) and ()
Ore p/‘oo’u(/?‘s pg WV?‘DM, which are not delinedd () s M/%@/ w/#
the acblitionad asumption that & +0,

Cooro(c'na"ta
We hak a/fcaJ/ seen Hat a vector B, whose tasl ks $ixesd at
a /ooin‘b A gmméex a Number /m,c on}c ’a.o/z‘ Zzng#['z’f //6_?’//
E el point on Fhis number lne acguires el addrex or coordinates
in derms N & - |

The “Scalors® 1,R,3... represent B, 2B, 38 respechivedy, while
*IC,&JWS’ "';"2,"3--. W/@fﬁﬂt ‘&’,'RE,‘_B&, MM‘V?/)’- T/Le ~SW¢
0 stanole for #he point A,



(10)
/\/o‘h’a— -Hmi; any (/C()lOf Z’ wrf'ls +the Same or Oﬁwf/‘lzc a’l‘ﬂe(/?lfl)f) to
R generates the seme line, butr the coordinatfes 1,2 73, ete
No lon ser stand bor He same Points,

For e»am,a& MH\D_ Jragﬁm a/éoue_, 7"}'—9— red Caarc?;f/m,é 4 S‘)’ﬁﬂe& bor
the same point as Hhe blak coordnade -2 This susses’s Fhat
Z’=—RZ‘ W whoneve, Fwo Vectors W e Same //nz,

one 15 elwass a s wlar mudtiple N the othes, For obuious reasons | such
Veutors ane Said to be lmw// dependent .

77!2. Set dg fo/ﬁots on a l/‘/pc sati$res He c{e/Ym'nr'J%n yg ///LW f}ﬂ—ﬁcz,
The aglo(/lm (} Wﬁo/‘ﬂf on He hne meu\,) a/w?; be, ?,’ye/; b),

& 5/'915[2 reaf N ber thads 1 /‘ﬂ/ﬂé@// féb'ftJ it Hhe looihi‘. for
Hn’f fEﬁ-j’Dﬂ) 1%@ line S’}am 15 Said to be ong a/zfownﬁb/m,/
Two noNcoliness vefors Yerterete ‘

o a)o/ﬂ/ﬂﬂf rid whid assigns to
W/ Ipo;ni‘ /n 7L/\-C flML A M/iu.( Coo/‘c]za,é F&,,’/«y{« /\ei/jﬂ%mbm‘

(5,t) = S2'+£D




(11)

W the /;/W grid ahove | the s-ax/s is ;meméew’ by the vector
2 ond the T-axis s W’é@’( by the vetor b, - Tl ospaniipine
00t perpendhculsr to each other and Pe wnt length® 0N the
S-ouxis is different From the ‘unit Leﬂjvﬁ’ on the #-axs
Since WBN + TN (Think of wnid lagh® on the s-axdis ax
meesused 'n inches and e wn,t La/zf#” on the F-aws ax
measured in CM)W).

T/w acu/w (S,‘t) Corr‘exfoﬂa(s to 7%2/00/17‘& or] 7%1 ,a/m
.ﬂmﬁ we wow(c( ATV at ﬂ we a’/s]ohc,e ﬁf‘am ‘#Lz C@,mlef J?r
' 9r1’c/ L,), the vedor sT+th. I othes wofak) pf« you oue

)”7’4”5 O /wmt whose. address is ($,2) relative #o

-Hn's 7fz'c/ $7§9L04r>, S’i'm/o/)/ move st’fS Pea /(a// to é-?_" MJ 'ML/)
t wats p&/‘a//(,z] to Z? for Coﬂb%ﬂ/@ﬁ(—?, Fhe /oomfj whosk.
adm ar'e (-1,1) anad (R, 1) relstive 4o the woropré( j/'?c/ are
labled.  Try to locate Hhe points, whose coordinates e (-2.-1)

anl | (-3.2)
meki W s /m/)omlant fo O’"fﬁ'n?u:’s/v ,om'nﬁs (:'.e,. ’olayg,'uj Ioca"'fom\)

ond Coordinates. A point hos g unigme address relabive to o Fived
Coo/‘c’)‘ADJZl 378’7!’5”1\ The po;hf will lwwe, & J/’ﬁﬂeﬂ:ﬂé d.ﬁ[@(/'&% ﬂ@[m‘/we

to Some oher Coor dhinate yymlw, For example | the point P has
the oo raling e (~g‘)) /‘e//a./,{»e_ #o '/'A_g black coordinate }ﬁ’o/ 5,/7_,,(
4 f‘exbulfm fo ‘H‘Le

red number ling




(1)
The of%f/wjona/ coordinate Syﬁkm

1 is offen convenient to have a rec %an;ulew coordinate system,
in which one geerating vechor is hor'zontel and the cther vetor is
Vert'eal. angl wheve “both vetses are A He some [zﬂ)’#

%f‘ Is w;%z,mqu to desote the horizon tad vetor é’)’ +he &,#ef
L and e vertial vedtor é»/ T These veltors W the
SZM//W Qcoj 'ala,n,e 34-,0( syﬁéem’ W1 which Fhe Coofdi‘/lﬂj( (9‘:7)
Stancls for fhe pointh 2?-*7’? From the origin.

The ch‘,&#o,, betweent, for exewr7oée, the coordinatk (R,-1)
cnel the /ooa‘n‘l"\ ﬂ?‘f from the 01‘2'8/0 has lbecome 5o S/‘/’ong
,H«m# we e FOI‘CQJ ro ado)ot 7%_& J:o”owl‘/:j Con Vef?5ion:

(a’b) g/vang& ﬁar ‘/’/m looz’nt
0(?4- b—j,' un lese Mo?%zf ?/’1&/ S/W!@rw
i's fpe cifred. |

R@mwkl The :/edof‘S ;W ? are  Somedimex cl&ﬂoﬂl'ep! /0)' ‘H’KL Sy-
mbols é:'z ol e M,aeaﬁ'we/ly

ith the onvension aboove | the sei RE:={ (2, y): %,y élk} & coordinate
peurs maﬂ be W&J s & heer SPAR | (x ead coora//ba/ﬁ s 1=

Corres pon tknce with some ?c_onwfm”g f"’ht'



(1%)
Eoord:haéc S;SMS For 3-D Space

6}/ *‘&k’hé M/ k) VCU/O'/‘S 'ﬁ}m/t\ olo /207" /"ﬁ n 7%& S IOM

t’»c can }@ﬂ@f&jz_ & coordinatde system oith S axes. U s ,owﬁw,&r/y
’”W?‘ri‘j when +he W’A’S Ve dtors aue /aer/zenJ;’ow{M to eacds
O—f/\.afand&uol—/ij, #wja,ﬂ howe Hhe some L”’”j# M that~ case
it "5 Co?t‘ ) / 7

¢ ol b0 e 257 e
A g vkt LR (o0 8.8,3)

The cornespanding cosrdinade systen is the sek R*= J(x.y,2) x.y,29K]
This the g,zom.dm poinT whese addresc s | 2. y,2) s obtamnel /°>’
mal//’m‘s From Fhe. Of’lg/n b/ 2?+yf+2?_

To drew & fo/‘n‘t (@.6,¢) /n Hhe XY 2 g/‘;'o/

) Lable a.b, andc on #ur m/aea//m axes.

2) Draw & dotted line at 2=a in the 2 ,oia/za pesalled bo

‘//12 Y- oS,
3) Draw a dotted line at- )"”b /n Fhe x4 ,DZWLE /MN/M to

‘H’LZ G @X/'g__ |
) M ok e ,oo/n‘li OX /'méer;e(}/on J M sualiiegl l"m&,

5) ASW b/ ‘/'A.z Vecfo{“ C/_? Frbm —/‘/\z /Doz'nt- /ou jwsi /a,éu
P Canel deradtons & Wu‘m Qe Mmore wm/ol/ufu? than #\a/‘é\, but

it Y/ma,/c/ Squ’a .pof ous” ;DI/—/]?D%,



Z A
ct
(Rp,0) — N
b
(08 ’,r"’
r N
7

B you wish o preckice, dry fo draws the points Corretponding to
(5.6,0), (0,R,6) andd (R&U) i your Cosrdinate System.
Lis +/n3w’r}n’n:5 betueen
Vector and point coordinates

The ’oo/nt\ whose (’X,y,z) Coordr‘/mfe, s (a, baC> 'S OéVLﬁu‘/LeJ é/

displaci, Fr‘am 7Lhe, oris.n ﬁ/ #ua vetor g?w‘”—rc? Thus o
e d *b]

15 ﬂa('I'uf‘au{ +o Hink of the aa/al/‘&% fx a /00”7# % a Vegfaf) whosc
']’04’/ liex in 7LAC om'az’n % ‘IL/IL a:aro/:’na/t{e S’yS’%@rﬂ, e B
Lohen we wish &0 indicate the J.'s,o/awmmt aL+by+Ck
oA 0)0)002291 'l;o ‘7"/\,2, Caot‘o/zhafe (&7536'), we le’/) use 7%6
DO”)'W{'/DI’? <9‘1’°a(—> or Si{/r\f/)/ w/‘/i‘le ﬂ?“’bj teie For QXM/’Z&’

W p=1p p.p) s & peints (Fofy 1)+ <abyc? indycaes
J/szawﬂw/?'é Ly 7"[\4 l/\e()lo/ al?'f'bT‘*Cl? jzr‘om #w_ lonﬁt (ﬁ’fa)&)
liahislidhg mean/s is eas, we moy be S’lo/O/)/ and write
(ﬁ,&,ﬂ,)+ (a,é,c) inctenal



(1)
The con u,lpt OX‘ I/e(//'o/‘ /‘el//Sﬂ[ezy(

Earlior we debined a vedor as & divedes hne segment . Bt
skt /,,«eu;w[), /s direction andd Zmﬂ? W we draco a vekolr 7
1 S’J’Ma(e‘m/ /)Dﬁ-},'oﬂ . 242 af,'o/ (/,e w/#* 4asl al- Fhe

0 §in 0nd perosohend ad some point (a.b.c)) Thea Vs
Cles’(/f'w n 7"6/;»; & the Veufo/’j —»9 _,' o V= ﬁb *bj +ck The
Vectors [mg#- wid direbon can be /mecéwo// descrrbed in Fermn N

the directtons anof Ze,/n[z P —,1—?. We define the nwgnﬂéw&
A ewel A Hhe rree Vecfo/‘f o IT1 =171 = 1) =4, We asume

the directions A O T, B to be underibod gad detine Hhe direction
NV to be the vedor 47 such Hat t>0 and 1871=1  The
vadue o will be dedermined lader on)

Prior to Hhis &f/ﬁ‘a&ojs, we had to rij on 1777!%:’717”0‘/7 ro MJVYW
the mudtituole § vetors in 3D SPe .. Now we on/)z reeo] o
?/‘M/D 1hree l/\ea/ors_ A Mepw! CIJWWC@ o 741’; aw'oma)f/za‘}‘fo/)
is Hat we can now add and subtract vectors and mudtiply
these vectors by scalors a,l;cé/\eu'(_af/y ra#har #han gwmeﬂgmﬂﬂy
Suppose. K= i +8,7+ 0k ond B=bl+b +b,E, Thes,
’ C“J/'Vz Hadt Vetor addibion Iis commutative and associetive , Lo
jet A+B = (&,?+£,f)+(@aj+ 2?}*(‘2%?*53?> e
i (&,+b,)?+ (@*%)7*(@,"‘65)/—:
n 07"/»(/ wo/‘cls, aJJ,‘//an A l/é(/7l’0/‘§ s o[o/LQ worc//mf?w/&c!
Koy, by 0+ <by, by, by = <ath, fathy, Onthy7.

“ 2 o
e, R = t(alv g raR) = Ga)ir Ba)]x (ia)k
Hopew £ <0,0,,0) = <ta, tay,+0x7.



[16)
Ex lek B =l00-FutR, B=06i+77-8 and c =%
Codcedate
N &+b
gl el
3) b-a
S sy o
AR e <in, <> =6, F, <E 2 = <16, 6,6> = 16it6]+6k
R e sy s = L0 Y] gl %7 -1k
3) T-7 = <6.7-8)> - <r0,-1, /4y = <-4,8,-227 - yYT+gT- 22K
Fin o/;’/'g Hhe alse brasc expresiion
& displacement

i

Su-f/)oie, that we wish to ﬁ//zo'f the Jz'r/)/acmenﬁ Vechor beAween
the ,oo/nis (1,-R) ank (3,1) in Hhe 74 /)/e«/u?_

> A

%__

3 4

2 T__-REb

S S e

- ‘F?\\ V4 ‘f

-2+ ;

<5T
Ld, = <V1V;’l> 19«5 '7LA.L J’k]ﬂ/aw‘é ﬁpom A ﬁO 6 TM
A+ V= E 05 Seel 70 the Jz'agmmn above Thux
VB -F = <3,10-<h-a> = <R3 =20 +37.



(1#)
m 3wwd, of quorucnﬁg +he Jz's/)/a wment From ,oor’mé A=(a,4,)
Zo ;%= bioka), then V= B-2 = <y, b= 8> = (b0)0 (087
/ i 5" ., :
sp acement in IR s a;m/mu Ssz/w/)z_ U Visa Vedor with

iewl ot A =(a,0,,4) and amowhea) ot B= (b, by, by) Fhen
li= <L’)‘ah Lﬂﬂglx l”a_&’)>' |

Z A

Distonce bg}u)ea‘n )ao/nl"-s n V&

Lk A= (2,0, ) and B = (b, bayby) be hoo points in R

The. J:’s'lt—ance From A to 6 s 7%2 éfﬂj‘/’z\ 47?' 7%& //m, Rémﬂ?t A—Z
from At b The f/'c/'a/fe belowo shower thet we may Hhink
& A ax the /’)’ /Do#uzﬂm 2 /’2%7,‘ %rz’ani& v . Mm,/ 5/de.
B¢ ool horizonte) side AC . z 1

Q:E ‘s pam/[e/{ to 7LA4 Z - /s A—/
so ifs &,ﬂj#: is |by=-8,]

AC /s poralld to A8 inthe
x4y plose. Us lenst is
Vib-0)+ (b- 2 7




(18)
P)/ tha /oy#mao/w ‘Mwﬂarn +he LGj/l of AB is the root of the Sum
of Squares S the Provnghs sides . Thus
WJ%A(AA) = \/iu,,j#.mc 117 + [uﬁﬁuec]* = V(b,-2))%+ (ba- 85+ (by- )
We abo make the Y'o/[ow)fnj Je/g/m‘);on

% g V= &b'l'a]-l-a,)k The normygl/ H/” /S#'—Cééﬂj?!l

% 7%—@ line %Wt w/#: (0,0 0) Mg( (&,,&1 &,,) MNlY e./zof/)om#
Thus, IV = \/ﬂ, —rﬂz o ﬁﬂ,

W telR EV = (ta)i +(t &aﬁv‘ (10,08 Henee, 15V =
il \/Yfa;)2+(ta1)3+(¢¢s)l = l/rt-?{a'.gaiz*%;z) = ‘/?\/;72+é{2+&:"

il Sl

Uﬂ/'é l/eyfof n '7"/’-2., o’c'm(//fo/)
A 7 |
Su,,o]oo;e we afe gl’wzﬁ ?-<V,,1/2 l/9,> MJ u)/'sA to .e/ho/ & wnt

Vedor i'n the diredion b 7 By dfmibion, our vechor mut be of Hhe
form tU >0 Swucd Hot 7)) =4 5)/ the work above,

4= NVl =RINTN = ¢ NTN. Thus t= "V)" Note Fhat diredon
Is ot defined when V=7 = <o.0,07.

Compre hension checki [t 31 = 30-U4T+R.  Fnd a unt vedor
in the divectisn A &, Ao, Pnod the wnid vector in P oppo e
divedisn.

Soludion: NN =\32r-upe 1t = VAo, Hence the wast vector
(N the divetisn of Z’«" /s 71_,&7l B =

~a).—"b{—-)

e (%?-L{f+2) =

—

vag © " v 1t V,t.s k The wait l/e(/fof in He o/]aor,#g o///eal,m

] 3 = 4 P
) S _._-—as.——-—-

A 4
Z vae ¢ tvm 1 uag

N



(1)
L ines in /’2‘)
We /-pa,ug seed) ‘/'A_a.i- a /Oﬂb{‘?(/'olz MJM‘?@//:;S /)'nmf mo‘f/'on }f'ac,e,g
o Number bne. W parkudar suppose that a porkide s *W‘hs
H-rou% 5P e n 7‘/\.& Jr‘/‘ewl/’on yg V= < V), Ve, V3D, ” #"‘- ,ap./‘-/w[z
(s coww,n‘//; /)MM‘S —}b\ougl, He Ipo,'ni A= (a“&;hﬂg)’ eacl ,oo/'n‘lf
onl-the namiber e e be assljrwf & one pasameter addres

t relative +o the i Coordinate $77d and a thre potLometes
awddres relative o the

Y42 coordinade aw/q/_ The Hree /omeomz/éu
address s redated 4o Hhe one pareametes g ddregs by #he egpation
L) = A8 = (00,00, ) + £ <vp a8 > = (@480, Aot by, Gyrduny)

2 A\

The corf‘ez%/?aﬂlena cen oMso be o riten
x(£) = 4,+¢V
y(t) = Qy+ily
Z(8)= aytty



(20)
Ex. Find the eguation of the hne passing throwgh (1,0,0) in Fhe
J.’rcc‘h'on? ZS 7%.(, Pm'\ﬂt (’-;579)) on ‘}A/s M’M?
Solutions, A= (1-0,0), V= <0,0,0)  Mepee L(E)= A+d0 = (1,%,0)

] ' .
had /s Ty
j(t)-:t
2(t)= 0O

M_ /'A.z, lgo,ht (1,6,9)) /s on 7‘/0& ]M.e_, 't swfr’;ﬁrfu #le ab ovre W&m

1=i (1)
5= & ®)
% =0 (3

é on (1) 1 S’a.zl/sf/{cy( Sor aj' f C(W’on (R) W'M 11"5,
bwt\ W/DO (?)) /5 ﬁasz. TAME/%/\Q (’»5,0)) I’S 170‘/ o/} ‘}/Lz /:I/Le_

Ex. 1) Find the ine pasr/nd’ ‘/’AmuxA (%=1, 2) in the direction
,1?-5?#41?

2) Find the /;Wrru.#/c. W}/on A the hne in Hhe 94
plane through (1:76) in the direction 5T-T7]

3) In what diretion doex the. line given by

Z(t) =-3t+2
y (¢Y=-R(¢-1)
2(8)= 8t +R
paz'm}?'
So/u‘l‘/oni

N k()= (3.71,R)+E<R,3,4) = (%+at,-1-3t, 24t )

2) P = (1,-6)+ £<5,-T> = (|+52, --T¢)

5 g(e)= (-3t+2,-206-11, §t+2) = (R, R, R)+£<3,-2, §>
Thus the line pomf’s in ?he diretron of the vedbor <-3,-2,%>



(1)

Remark i Technically speaking, L(2) = CRETARTTARIIN
(s The olo(m'lm'i’zm A e process by which the line M to be
traced., 5)1 ffua(f/hj wp or Y/le’ns obown +he /ﬂﬂ/‘#ok that /s
Mc‘uj‘m’ linear MO‘How, we 31‘:’” et it visit 7‘/\2_ same Seb of
points /i space Thws | bor example, A ,o(t)=(a,+t(av,),a;t(ma),a,;t(w)
then The PW(/LQ /s ‘}mu'/:j Hhe Ine with dowblel rfaJ, while

208 = (a -ty G-ty 0, -24,) meanss that Hhe porbile Haces
the hne in WK{J o’f/‘ed‘l'o/?.

Nok olso thats Hhe pocticle con trace the hing e varted

specel.  For example, 5(t) = (@ +%, a,+ 2%, @y 1270y ) implies
that the PW‘}v’o& weas S/ow/‘ns down in #LQ Ip&d‘, S?Lcﬁa//)s mamm/'aﬂ’y
at the point (&, aa, 9‘3) ol 9,%«0’:‘45 wp as 11200,

Ded: A line porametrized by L(t) = (a,4tu, Grtia, tyrtn) is Mo 10t
L= f4it): temrR?

ACbmp/‘c}wﬂS’/on sheski  Detaribe Harset of /00//)7‘; S by
C(6) = (1+3Sint, ~R+ Sint, 5-RSnt)

Solution:  C(8) = (1,-R.5) + Sint <3,1,-R). As & vare
From -oo to oo, It oscilates behoeen -1 gnad | Thesrebore C(H)

trawes the line %(gmamf Lo -8/10{/00//77% A=(1,2.5)-<%,1.-27
= (+2.-3. %) and B = (L-25)+<%42> = (4,-1.%)

W we Hink o4 CE) & a /)aﬁ{ b a 'O&NL/'(/& n time we $eR
tal the pﬂ\ﬂé’c& 904 back anol ﬂom‘[ 0-//0/5 Fhe e fqu@ﬂf

/Tg‘ I/IQS;?L/'Vﬁ @.J /Dol’nf on ‘ILAL //;’UL %m&”l‘ in /'/7"}?7/31 ma/)/ AW‘



@2)
I:;nJ{nj a /oaﬂamd’n'c (,Vm-ﬁ'zm A e
I'ne From Fwo po/n/'s on the line
W you hold a point iy your o8t hand and another point in youl I'sht
hand, you can "'6637’/}/ :’magl'm a Hread S‘}re*a/u’n(j From the Birst point

to the next.
/""b
«

This SW+§ tlat two /oo/nis dedermine o line #m%[\ Space
We can lf;mmefri'ze this hine ac soon as he coordinates of +he
two0 'ao/n'}s ose oveilable

Let A= (.0, 4,) and B=(b.b,by) Then V=B-7 =

o byl =iy b 6?.5> s Fhe J:'r}o/ac,e/;m/)i' Vector From A to b
L(t) = A+EV (5 a parametrization sud that L(0)=A and

L(1) =4 7ﬂlpa/~1‘/cu[£v,, ﬂyou ‘H'n’nk A L) as gmw'av‘z &
ruler, the distence between successive /hiegm on #he rules”is IV,

Observe Hhat b C /s another point on the lne, thay C =A+#V
bor Some & €IR. Thus C-A = L,l7. W other words, f /)(t)=A'+tlj
's Some othes pafamzfr/zafz”on A e line }""”5 #ﬂb%/‘ Aond B,

then A=A s & scalar mudbple AT, Also. B 15 a scalar mulbple
& V.

Ex, 1) Find a ,omm#fza#on of P /Jn_g, ‘Hta}f«? P sses ‘HmouxL
the points (1,-3,2) and (-1,2,0)‘

l?) Do ‘HIL FM&MPI’Z@?I;D/); Lilt) = (]+t, g, 3+t) Mp(
Pit) = (2+t, 3+, 4+2) drare P same lite ?




(23)
Solution:
) Set V =<-1,2,00~<0-3,27 =X"2,5,"2) Thens
LiBY = (=34 )+ E<R,56,-3) = ("p?i, '3*5*,3"2*-)_1’;& ve Iid answed
Q) L(E) = (1LR.3)+ £ <i,0,1) PIEY = (2,3,4) 5 $<i1 >
(2.3:1) - (12.9) =KL 012, Therehore, p(8) arad L) Hrace Hhe

Stume II'M_
%%dkc?‘:'on v.s. GJ”:’S/'OH

R~ A 5’-’9 hes J’e)f is %raw/(mj n swd a was Hhat s ,oos,'z‘;’oﬁ ak
bme B 05 P&) = (%.1.1). The efemy lawnches & rocked
to intercept the jd The rodeh s movin  Such Hats s posHon
at e t 55 R(E) = (LE.2),

1) Does the rocket hit the ]of; 2

R) Doex Fha pa,/Z A He rocket indersect tha ,oa#s A Hhe

Jet ?
/ f£(e)

So’u‘Honi ,
1) The rockeh intercepts the et M the fwo OLJWfS poss

J’)ﬂl‘oué['ﬁ the same point in space at the Same fime. Thua, we
Set- R(t)= F(t) pnd (/A2J< 1/9 ‘H’LM‘L 5 G So/u//'fon. The eiua.jl/’on

be Comen };/R = | m
| = ‘{: (a)

I = &t ®)



(24)

These 6%&1'7‘006 afe jnconsistent; Eguation () Vs satisfred when
t =R, while eguabons @) erd ) are only valid whea =4
Thepfore the ﬁ"j/v?lef plerne and +he rodeet do not collide.

R) The M?“AS‘ of Hwo objtv'iS mow’nj 1”/\,\0%[’ spac :’n‘}’f—rkz)l' A
the Dbs'c(fs poks ﬂd‘otgz\ the same Po:’n‘t ot (poﬂ:'é/y) di $Yerent
times  Thus we mwuxt see Vb F(2) = R(S) ha & sohtion

Now egualiy holds o8

k/& =4 “ )
| = 5 (R)

Al W%fonf are SeticFied when t=2 ond S=4 The the
rodeet and +he nC;'JHer Jd P ess #mugl, Fhe point (1L1,1)

The rodket passes this point 1 second abter (455 lounchod The
bishter goes throwg s the same point & second later

*Nodica ot t=5 would have inplic collision, *

Plo.nes 'n IR?

By Fixing o point in R* sndl fwo noncolinesn vedtors, we cop

Jjene rofe o 'D/MM gr:’o/_




5)
W the gn'J has the Fixed point A =(£,8.8) and jeﬁerﬁul'mj '

Vectors & =<a,,6,,8> aad =<k bub>. thon each point
on the ploae hex a hoo parameter address (5.%) re lative 4o

the fla/fm (a'n :'ca‘/'tal n /‘eop n 7"/1.2. Qbove .:/:'aj/\a,m)

oNol a three
Pmlngﬂll&f a ddreg (9(,)’,2) I"e/a‘ﬁb*e, +o

the 2y, 3/»’0/
(indrcatd in black in Mo above o’:'aj/‘a-m)_ The +hwo addresses
e reloted by the eguation P(st) = A+sa+pE =

(A hR)+S <@yrty, 0> +E<by, by, > =

= (h+5avts, Arsa,vba, B+sageth)

of a f/ﬂlzz This can be ?«Cand%,amgﬁ‘)’ca/ly by ﬂo?lz'ns Hhat 7%2
S ond + axes woudd Ren b colapsesd to tha some Ine.

We omit the discusiion on Porame froc W%bm For ID/A/M" _

't s similar fo e one ahiesdy girep on fnes i w2 T,

Showld consult homework st #4 For practce problems.
Parametrizadions oF

Pam/[e/oa’/‘mg

Consider the gn’o( 5y § Fewn 9m¢m1@g,,! by Heo Vectors L o T The

Plensos, tuwo dimensional SpAce HaT these Vectors Generpte s
/ZUJ'// et o square 4s

. X/

U d

. g
f o ¥ B | R
AR ' ]
(Q\ ; ‘
. 4.“\\“%&“ \‘: y -‘?
-2 T o A y d
¥




(26)
anA ble 4% @ %f oﬂ /oofn‘tS, 7:-[( (l), pof‘ CXM/ZQ) /s 71‘/\4 ,ce,‘é
{ (7c,y): "meEw=] ) Osye Ig = ;z?+y?:-2szs—1; osysg,}
= {(-a,0)+ ST+t 5, € L0115, whil #k R) 5 He sed
F(27) lsmeg ; “Rsys-1f ={(1-R) 450+t 5t € [0 ]
Tdeed . Fhe /\e,o%angu/w Coorodinate f)mlem it so named due o
the Pact that f€c+aﬂ(7a[&f seds howe he simple descrphion
R = {(ﬁ,@) + 5T tT; sela, 6] ﬁﬁ[C)c,]?
M a y/ans!eJ oo dimensional Coofo(:f/?a,ée dw/‘a/, 7%& 1’«0‘5 7%4}
ase mosi ea:z//;/ cle,eor:'éeJ are paa /[dbﬁ/’azms whosz S;’aZe,e ale
PQJ‘O«/ZQJ o 7%24 axes Je’ %A»Q j/’)'o/u For mef&) 7%1 IOW;f’C/
P(S’,t) on page 24 looks g ﬁo//o:,os pr‘om a1 aﬁpm/m’aée a/ba&,:

¥

The SA&J{J ’\cd/on Pl‘j 2,’y\e/7 b)/ {(&t) S,té€ [0:/:13 I,ﬂ }ng



(27)
of the st coordinate grid. M derms P Hhe xqz Coordhinak
Syfi&m P /s gl'V'&/l b)/ {P(?;t):' Y,66£°>']i =
i {Aff&?+t?i s,t¢ [0,1]8
Def: b A=(0.08) is & point i &} 2 =2, 443 0%
It =/>,?+é,__j)+éal?, Hen P = {A+S?+t?i S,i-e[o,'/]% ne/ozuuﬁ%
the Pm//’/[bj/‘“/m with ornet af A and e,oljee A size N0 ard WT1
Moﬂg 2 orol B M/O{cf‘fue/y.
The vectors & gnd T are said 4o spon The para /Mgm,,n

W en Wa}oux mannes, Gn orﬂajonw{ 3-D coordinate S’yf‘}em
tesselates IR® into wp t cubes, whi'le a S’/&n?leal 3-0 coord,pate
Jyfl’e»m Cucts 7‘& f/ace into Three cl/'/n:zm/oﬁaJ adla /ojw ok
/’am//e/ﬁrams callet }oem//de/a,’peds_

/r')’::: /;:\e—ce/c;l , % A I'S—f -.E'xd/i‘)olhzi’(K’fI?&) /E/g;é’u.e 7Lo 7lAz 9632.
et T R, D bPAT LR 0 2 m o oF
e vedors Hat do pot le on +he same plone | Hap the set

;A IR +SE+EC (s ¢ e [0.13 5 a /)am//z[a/o;/'gej witl ornus at A

Hat is spamnd by He vechors 3.7 anl @




(%)

Purpose

/"10477 objec+5 oF ,oramL/'caJ /'/)*c/‘esf are 1/617 c:om,oln’ca*eof, Wt s

oi FPrendt e,naug/. to marder the mathamatical Iofo/a&r‘}%@g of S;’m/olz sha,a&s
like }/w, ,alwms, and ,oara”e ,.Lfl',oe,cls‘ Hovo ho/ae /e&(// dense must
reed world mathemativs be © The genious of codenkes s in my
0PIRON  Swmme,) wp i the. s,’m,ple idea ot +he Com,o//cm!'ea) can be
Bt Alosk L)—/ blocke From +he S/‘Mf&. in +he manaer g CRX‘/& can be
built brom lege blocks or an image is construckd Prom pisels. The
/’/aw, //ne,e, pona //c[ojf‘ams, ond para /ldef/feefs‘ will be ow /»'Xe//f, eall,
%) )'7l§ affl‘afr/ak Coﬁ*e—xt. We ///us‘f/‘ak -/-[,/g ,'g(e,a wo’#\ ‘HLL fo/low:'ns,
Somewhat. whimsical éxam/o&,

Ex. (why ij-ko/zj connot be /o:j -eﬂaujl, For Ho//ywooc[ ?>

/<:'n3- Konj s a 3:&/7‘/: 6706, aﬁwz/mﬂf/}/ a §CA12J L peds,0N /)ﬁﬁ#
go/‘///a, Nowd he 300’//& s madle wp of cls, Since each ce// s TRy,
we Can aﬁf‘OX/‘maﬁl’e it a 7""/'/ cube of Sick [Md’# L The cells
ore attached to one mither with Ha hedp of @//QJM_, which ack

Iy ke j/ue i the adhesive S’vtrwj// of a el to K /wfgﬂom /s
proportional to he sucfac area of He walls of He cll in contact
with the walk of oHor ol Tha o8 we Hink of #ha el ag a
Cube, e forc reguised to detach Ha cll from A eavironment
Shoudd Mot exceeck GAI2 Lohoye 6 is the mumber of Pacs of the
CW: I e Swhac grea of #a cehe and k s Hae constant of
bepam’;’a/m /,'75/, ’

T/\Q ac//u/b*e pof(,g mm‘f ba S/rungef 7%&/) 7L}\.Q ﬁoﬂz ppgmw’é} on
e cofl to preveqt it brom 134//,{/,5 o due 4 vk we/%zf (and the
CelSht of oMer colkk Hat '+ Suppords ), W P15 Hhe o’e,/;r,’vzy o} Fhe
f"*'”, the force on the el due o jmw’/y 55 at Zea# f);or3 tahese
3 the gmuikdong) acce burmbon ’



(R4)
As a cell 3raws /Naer in s'ze. So do its acjhu/we 5%{1\7#, arof

weidht, Howwu,
G5 r 6 Kk

' —_— = ' =0
l}:l;n 310 ,"3 /lM | qpr
—>» 0o ri—co

T}’M, 7LA-¢ Werg/\t oj: #‘L c.e_//I wou./c/ wm/uw//y Ae 7L¢>D ﬂ/’CMl: For 7%2
adhesive Foree o sugport. This means thats 1 we make a Scakeol -
01/0 version of a 90/‘//[9() 7%2 a,ﬂ,’y’mj w/// f)f'/n/ﬁ/y c]/f/"f)%&j/‘&k,

Pl

.

] / z
?ﬁz«w —




